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Interdependence of Diffusion and Straining
of Helicopter Blade Tip Vortices

Manikandan Ramasamy* and J. Gordon Leishman®
University of Maryland, College Park, Maryland 20742

An experiment was performed to help quantify the interdependence of viscous/turbulent diffusion and straining
effects on the development of helicopter rotor tip vortices. The properties of the blade tip vortices were measured
in the wake of a small-scale hovering rotor and compared to the results for the case when the wake approached
a solid boundary. The presence of the boundary created velocity gradients that forced the tip vortex filaments
to strain, allowing the effects of this process on the vortices to be measured relative to the baseline case without
the boundary. It is shown that vortex stretching begins to decrease the viscous core size, and when the strain
rates become large, this can balance the normal growth in the vortex core resulting from diffusion. The present
results were used to help develop a more general tip vortex model suitable for use in a variety of helicopter rotor
aeroacoustic applications. The proposed engineering model combines the effects of turbulent diffusion and strain
on the vortex core growth. The empirical coefficients of this model have been derived based on the best available

results from rotating-wing tip vortex measurements.

Nomenclature

rotor disk area, = R?, m?

Squire’s coefficient

rotor thrust coefficient, T /(0 AQ2R?)

rotor blade chord, m

nondimensional downstream distance

correlation coefficient

empirical constant

filament length, m

probability density function

rotor radius, m

vortex Reynolds number, I, /v

radial distance, m

viscous core radius, m

position vector of the filament, m

laser Doppler velocimetry measurement location with
respect to rotor axes

vortex core location with respect to rotor axes

initial core radius, m

nondimensional radial distance, r/r,

rotor thrust, N

time, s

filament strain rate, ms~
swirl velocity, ms™!
freestream velocity, ms™
downstream distance, m
Oseen constant, 1.25643
tip vortex strength (circulation), m?s~
effective diffusion constant

filament strain

wake (vortex) age, deg
kinematic viscosity, m?s~
flow density, kg m~3
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o,,0, = standard deviation of vortex location in radial
and axial directions, respectively, m

v = azimuth angle, deg

Q = rotor rotational speed, rad s7!

w = vorticity, m?>s™!

Introduction

ONSIDERABLE prior research has been conducted into the

problem of measuring the development of blade tip vortices
trailed into the wakes of helicopter rotors. The structure of the tip
vortices define the majority of the induced velocity field at the ro-
tor, as well as being responsible for a number of adverse problems,
including unsteady blade airloads and high rotor noise levels associ-
ated with blade vortex interactions (BVI). Therefore, better models
of the tip vortex structure should, in principle, translate directly into
improved predictions of the unsteady airloads on the blades, better
predictions of rotor vibration levels, and also in a more complete
understanding and predictive capability for BVI noise.

The reduction of helicopter rotor noise has become an important
goal from both military and civilian perspectives. Small changes in
the structure of the tip vortices (such as their core size) and their spa-
tial positions relative to the rotor blades can have substantial effects
on BVI noise.! The blades may also interact with vortex filaments
that are relatively old, which means that the filaments need to be
modeled accurately at large wake ages (in terms of rotor revolu-
tions). During this time, the vortex filaments will have undergone
some amount of viscous and turbulent diffusion (depending on the
vortex Reynolds number), as well as encountering the steep velocity
gradients inside the rotor wake that also must affect their evolution.
This suggests that vortex models need to be developed with rela-
tively high levels of fidelity to ensure sufficient confidence levels in
the unsteady airloads and noise predictions. Only then can effective
strategies aimed at rotor noise control or the alleviation of other
adverse vortex-induced phenomena be properly considered.

There has been much experimental work done in an attempt
to measure and otherwise characterize the structures of helicopter
blade tip vortices. A good summary of the numerous experiments, as
well as the relative capabilities, limitations, uncertainties, and pre-
cision of the different measurement techniques is given by Martin
etal.? Typical experimental goals include the measurement of the in-
duced velocity field close to the vortex axis, the net vortex strengths,
the size of the viscous core, and the rate of growth of the core as the
tip vortex advects and ages in the downstream wake. However, mak-
ing measurements of the tip vortices generated by rotating blades
is very challenging.’ Unlike fixed wings, which trail rectilinear
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vortices, helicopter tip vortices are curved and also lie in prox-
imity to other vortices, producing both self- and mutually-induced
induction effects on their development.

Another complication is that the blade tip vortices also experi-
ence strain effects as they are advected in the steep velocity gradients
produced inside the rotor wake, especially when the helicopter is
in forward flight or during descent. This means that filaments must
undergo continuous changes in their vorticity field, even in the ab-
sence of ongoing diffusion.* Such straining effects have also been
shown significant in other problems in fluid mechanics.’ Straining
produces additional effects on the local velocity field induced by the
tip vortices, and so this impacts the development of the overall wake
as adjacent vortex segments move relative to each other. As shown
by Ananthan et al..° this can be a modeling issue for helicopter rotors
in forward flight, where individual vortices tend to bundle and roll
up tightly together from the lateral edges of the rotor disk. These
straining effects can also make the measured vortex properties dif-
ferent from those that might be obtained with equivalent rectilinear
(fixed-wing) vortices, which develop in a more benign flow envi-
ronment, although they also may be subjected to induction effects.
Therefore, isolating the various contributing effects is essential for
the development of better tip vortex models for use in helicopter
rotor applications.

In addition to the practical difficulties in making rotor flow and tip
vortex measurements and isolating several interdependent physical
effects, another concern is that the measurements must usually be
made on subscale rotors. This is a situation of necessity because of
the enormous practical difficulties and huge costs in making mea-
surements with the necessary fidelity on full-scale rotors. However,
amongst other issues, this raises questions about flow scaling ef-
fects, which at model scale may have vortex Reynolds numbers that
may be up to two orders of magnitude less than those associated
with full-scale rotors. The vortex Reynolds number is known to
affect both the structure and the viscous growth rate of the tip vor-
tices (see Refs. 7-11), although the dearth of measurements over a
sufficiently wide range of vortex Reynolds number means that this
dependency has not yet been fully quantified.

The present work has two goals. First is to perform an idealized
experiment in an attempt to examine any interdependence of strain-
ing and viscous/turbulent diffusion on the development of helicopter
rotor tip vortices. Vortex properties were compared to results for the
case when the rotor wake was advected toward a solid boundary.
The presence of the boundary forced the tip vortices to stretch in a
known (estimated) strain field, allowing the effects to be measured
and isolated. Second is to reexamine the issues of vortex modeling,
from the practical perspective of including such models in compre-
hensive rotor simulations,'>~# with the objective of improving the
fidelity of the modeling. Problems considered herein include the
modeling of viscous/turbulent diffusion, the interdependent mod-
eling of strain effects, and the issues of vortex Reynolds number
scaling.

Description of the Experiment

Rotor Facility

A single-bladed rotor operated in the hovering state was used for
the flow measurements. The blade was of rectangular planform, un-
twisted, with a radius of 406 mm (16 in.) and chord of 44.5 mm
(1.752 in.), and was balanced with a counterweight. The blade air-
foil section was the NACA 2415 throughout. The rotor tip speed
was 89.28 m/s (292.91 ft/s), giving a tip Mach number and chord
Reynolds number of 0.26 and 2.72 x 10°, respectively. The advan-
tages of the single-bladed rotor have been addressed before.!'>!¢
This includes the ability to create and study a helicoidal vortex fila-
ment without the interference from the other vortices that would be
generated by other blades.'> Furthermore, a single helicoidal vortex
is much more spatially and temporally stable than a set of inter-
digitated vortices.'® This allows the vortex structure to be studied
at much older wake ages and also relatively free of the large flow
aperiodicity issues that affect multibladed rotor experiments.

All of the tests were made at an effective blade loading of
Cr/o ~0.064 using a collective pitch of 4.5 deg (measured from
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Fig. 1 Schematic showing the experimental setup.

the chord line). The zero lift angle of attack of the NACA 2415 is
approximately —2 deg. During these tests, the rotor rotational fre-
quency was set to 35 Hz (2 = 70r rad/s). The rotor was tested in the
hovering state in a flow conditioned test cell. The volume of the test
cell was approximately 362 m* (12,800 ft?) and was surrounded by
honeycomb flow conditioning screens. This cell was located inside
a large 14,000 m* (500,000 ft*) high-bay laboratory. In the baseline
case, the wake was allowed to exhaust approximately 18 rotor radii
before encountering flow diverters. Aperiodicity levels in the rotor
wake have been measured and were used to correct the velocity field
measurements; see the Appendix.

Ground Plane

To examine the effects of superimposed velocity gradients on the
tip vortex developments, an artificial means was developed using a
solid boundary or ground plane. Based on the experiments of Light
and Norman,'” tip vortex strain calculations showed that significant
values could be expected. A schematic of the present experimental
setup is shown in Fig. 1. The ground plane was twice the rotor
diameter and could be adjusted to obtain different distances from
the rotor plane. For the present tests, the distance was setto 0.5R. As
the rotor wake approached this ground plane, the vortex filaments
were rapidly strained in the radial direction away from the rotor. The
present measurements were made at up to 0.05R from the ground
plane.

The possibilities of aperiodicity and recirculation of the wake
was reduced by the use of a flow diverter placed around the circum-
ference of the ground plane. This directed the rotor wake to flow
behind the ground plane. A further series of flow diverters behind
the plane was used to control the overall flow quality, which was ver-
ified using flow visualization. The inherent difficulties in measuring
vortex-induced velocities close to surfaces, and also in measuring
the velocity profiles of tip vortices at older wake ages, however, im-
posed restrictions on how close the plane could actually be placed
to the rotor.

Flow Visualization

Flow visualization images were acquired by seeding the flow us-
ing a mineral oil fog strobed with a laser sheet. The light sheet
was produced by a dual Nd: YAG laser. The light sheet was located
in the flow using an optical arm. Images were acquired using a
charge-coupled device (CCD) camera and were later digitized us-
ing a particle image velocimetry-type calibration grid. The laser
and the camera were synchronized using electronics that converted
the rotor one-per-revolution frequency trigger into a signal that
pulsed every third rotor revolution. A phase delay was introduced
so that the laser could be fired at any rotor phase (blade azimuth)
angle.
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The seed was produced by vaporizing a mineral oil into a dense
fog. The oil was broken down into a fine mist by adding nitrogen
under pressure, forced into a heater block, and heated to its boiling
point, where it became vaporized. As the vapor escaped from the
heat exchanger nozzle, it was mixed with ambient air, rapidly cooled,
and condensed into a fog. From a calibration, 95% of the particles
were between 0.2 and 0.22 pum in diameter. This mean seed particle
size was small enough to minimize particle tracking errors for the
vortex strengths found in these experiments.'® The fog/air mixture
was passed through a series of ducts and introduced into the rotor
flowfield at various strategic locations.

Laser Doppler Velocimetry System

A fiber-optic-based laser Doppler Velocimetry (LDV) system was
used to make three-component velocity measurements. A beam
splitter separated a single 6-W multi-line argon-ion laser beam into
three pairs of beams (green, blue, and violet), each of which mea-
sured a single component of velocity. A Bragg cell, set to a frequency
shift of 40 MHz, produced the second shifted beam of each beam
pair. The laser beams were passed to the transmitting optics by a
set of fiber-optic couplers with single-mode polarization preserving
fiber-optic cables. The transmitting optics were located adjacent to
the rotor (Fig. 2) and consisted of a pair of fiber-optic probes with
integral receiving optics, one probe for the green and blue pairs and
the other probe for the violet pair. Beam expanders with focusing
lenses of 750 mm were used to increase the beam crossing angles
and so to decrease the effective measurement volume.

To further reduce the effective size of the probe volume visible
to the receiving optics, the off-axis backscatter technique was used,
as described by Martin et al.> and Barrett and Swales.! This tech-
nique spatially filers the effective length of the LDV probe volume
on all three channels. Spatial coincidence of the three probe vol-
umes (all six beams) and two receiving fibers was ensured to within
+15 um by measuring the beam profiles and their spatial locations.?
Alignment is critical for three-component LDV systems because it
is geometric coincidence that determines the spatial resolution of the
LDV probe volume. In the present case, the resulting LDV probe
volume was measured to be an ellipsoid of dimensions 81 &6 um
by 145 +£ 10 wm, which for reference was about 3% of the maximum
blade thickness or 0.5% of the blade chord.

The high capacity of the seeder allowed the entire test cell to be
uniformly seeded in approximately 30 s. Signal bursts from seed

Fiber Optic Beam
Probe Expander

Green
Beams

Blue
Beams

Traverse
Scale
L_— 0.5m :‘

Enlarged View
of
Measurement
Volume

Blade

particles passing through the measurement volume were received
by the optics and transmitted to a set of photomultiplier tubes,
where they were converted to analog signals. This analog signal
was low-bandpass filtered to remove the signal pedestal and any
high-frequency noise. The large range of the low-bandpass filter
was required to allow measurement of the flow reversal associated
with the advection of a vortex core across the measurement grids.
The analog signal was digitized and sampled using a digital burst
correlator. The flow velocities were then converted into three orthog-
onal components based on measurements of the laser beam crossing
angles. Each measurement was phase resolved with respect to the
rotating blade by using a rotary encoder, which tagged each data
point with a time stamp. The temporal phase resolution of the en-
coder was 0.1 deg, but the measurements were averaged into 1-deg
bins.zThe uncertainty in this process has been discussed by Martin
et al.

Experimental Results

Wake Displacements and Strains

The strain rates acting on the tip vortices were determined based
on measurements of the spatial locations of the vortex cores at vari-
ous wake ages. To do this, flow visualization images were acquired
at several wake ages using the strobed laser sheet technique. To
make these images, the volume and distribution of seeding were
judiciously adjusted so that the core region of the vortices appeared
as distinct voids of seed. These seed voids were then used to esti-
mate the centers of the vortex cores. At each wake age, a minimum
of 300 separate images were taken, from which the spatial average
locations of the vortex core relative to the rotor were quantified by
using a calibration grid. These locations were also cross checked
against the velocity field measurements using the LDV system. The
flow visualization results were further used to acquire statistics of
the small aperiodic deviations of the vortex positions from their
mean position at a given wake age and were used to correct the
LDV measurements for these effects (see the Appendix).

From the results shown in Figs. 3 and 4, it is apparent that at early
wake ages the tip vortices move inboard radially from the blade tip
and axially downward. In both cases, the axial advection velocities
were, as expected, nominally constant until the first blade passage
at £ =360 deg. Because of the ground plane, the tip vortices then
started to move radially outward and became almost parallel to the
ground plane at older wake ages. It can be deduced from Fig. 4
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Fig. 2 Setup of three-component LDV system.
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Fig. 4 Estimated components of the tip vortex advection velocities
compared to the baseline condition.

that the tip vortices advect through the flow at a modest rate at
early wake ages, but encounter much higher overall flow velocities
when in closer proximity to the ground plane. Clearly, the axial
(slipstream) advection velocity of the tip vortices asymptote to zero
as they approach the ground plane.

After the spatial locations of the tip vortices were measured, the
average strain rates acting on the vortex filaments was calculated
numerically. From the locations of the vortices at various wake ages,
the length of the vortex filament was determined by its location in
space as defined by the position vectors of two adjacent locations
at r; and r;_ ;. If the filament is assumed to be a small straight-
line segment, the length of the filament is given by |I| = |r; —r; |-
Therefore, the rate of change of the length of the filament as it
advects through the velocity field is given by

(;ﬂzd(rl_rl—l) 1)
t dr

de  di (1 )
dr A\ 7
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Fig. 5 Estimated strain experienced by the vortex filaments as they
approach the ground plane compared to the baseline condition.

which implies that the strain ¢ is

_dasA_d@A 3
8—al—E§ (3)

where ¢ = Al/l is the strain imposed on the filament over the time
interval At.

Results documenting the measured strains are shown in Fig. 5.
Notice that the amount of strain produced on the tip vortex as it
develops near the ground plane is much larger than that obtained
in the baseline case at equivalent ages without the plane. For the
baseline case, the filament strain is negligible at older wake ages.
This is expected because the results in Fig. 3 have shown that the
radial locations of the tip vortices in this case begin to asymptote to a
constant value, and the radial velocities approach zero after the initial
wake contraction. When the tip vortices approach the ground plane,
the strain on the tip vortex is initially slightly negative at early wake
ages, which is similar to that found in the baseline case. Thereafter,
the strain becomes quickly positive as the vortex filaments stretch
radially outward in the steeper velocity gradients found near the
plane.

Velocity Field Measurements

Phase-resolved LDV measurements of the vortex properties were
acquired by making a radial traverse across the vortex core region
over various planes inside the wake region between the rotor and
the ground plane. When the blade azimuth at which the advecting
vortex core was centered on the grid (wake age) is estimated, the
instantaneous velocity field could be measured. Through postpro-
cessing of the data, the tip vortex properties could be examined as a
function of wake age. Wherever possible, the results measured with
the ground plane were compared to the baseline measurements when
at the same wake age. The ability to measure results at older wake
ages (¢ > 360 deg) is a result of both the stretching of the filaments
and of the more precise spatial alignment of the LDV system.?

Swirl Velocities

Figure 6 shows a series of tangential (swirl) velocity profiles mea-
sured across each radial grid as the advecting vortices intersected
the measurement grid in a crossflow plane (Fig. 1). These profiles
are given in terms of the nondimensional distance with respect to
a coordinate system centered at the vortex axis, and the velocity is
nondimensionalized with respect to the rotor tip speed Q2R; in other
words, all of the data are placed in a frame of reference moving
along with the vortex. Furthermore, all of the data were corrected
for the measured effects of aperiodicity (see the Appendix). Notice
that the results in Fig. 6 show that peak swirl velocity decreases as
the vortex ages, which is symptomatic of the effects of diffusion.

The distance between the peaks in each swirl velocity profile can
be considered as the viscous core diameter (discussed later). The
vortex core radius was determined from the LDV measurements
based on a measurement of half the distance between two swirl
velocity peaks. This determination was based on a spline curve fit
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Fig. 6 Swirl velocity profiles in the tip vortex at different wake ages, showing the vortex diffuses under the action of viscosity.

to the measured velocity profiles, which was then used to find the
distance between the two peaks. This technique helps remove the
otherwise subjective nature of this determination process.

The peak swirl velocity at the earliest wake age (¢ = 16 deg) was
found to be about 35% of the tip speed and is typical of the values
measured on helicopter rotors. The initial core radius was only 3.2%
of blade chord (dimensionally, only 1.4 mm for this rotor), which
gives some idea as the spatial resolution and alignment accuracy of
the LDV system that is necessary to resolve the vortex core dimen-
sion. For the initial 600 deg of wake age, the strain rates are small
(Fig. 4), and the vortex develops (diffuses) in a manner similar to
that of the baseline case.?’ However, the last four measurements at
¢ =727, 824, 899, and 972 deg clearly show a notable decrease in
the core dimension, which is accompanied by a corresponding in-
crease in the peak swirl velocity. This is now a clear reversal of the
earlier trends, which suggests that the imposed strain rates had now
affected the characteristics of the vortex. Measurements at wake
ages older than 1000 deg were not possible because the tip vor-
tices came too close to the ground plane to be able to exclude the
consideration of external viscous effects.

Viscous Core Dimension

The deduced vortex core radius is plotted in Fig. 7 with respect
to wake age. Figure 7 when compared along with Fig. 5, throws
some light on the physics involved as the tip vortex is strained as
it approaches the ground plane. At early wake ages, the two sets
of results in Fig. 7 agree well, but with the presence of the ground
plane, the core growth was found to be initially slightly larger. This
reflects the initially lower (less positive) strain rate in the baseline
case. More important, however, at later wake ages, the growth trend
was found to be reversed as the strain rates became positive. These
results suggest that the effects associated with straining begins to
balance the normal core growth associated with viscous/turbulent
diffusion. At the older wake ages (near the ground), the filament
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Fig. 7 Measured growth of the vortex core radius as a function of wake
age.

starts to stretch at a much faster rate, as shown in Fig. 5, and this was
noted to arrest distinctly the core growth. Results from the modified
Squire’/Lamb?'-Oseen?? core growth model (also see Ref. 11) are
also shown in Fig. 7, which are taken as a reference to represent
the effects of diffusion on the core growth (discussed later). It is
apparent that at earlier wake ages, the measured results follow this
model quite well.

Circulation

The vortex circulation can be estimated from the measured swirl
velocity distributions shown in Fig. 6, the results being shown in
Fig. 8. The net circulation was determined at a distance of 0.25¢
from the vortex axis and by assuming flow axisymmetry in the ref-
erence system moving with the vortex core. The core circulation
is that value contained within the dimension of estimated core ra-
dius. Notice that the values of net circulation decrease only relatively
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Fig. 8 Measured circulation as a function of wake age.

slowly with wake age, and the core circulation stays essentially con-
stant. This confirms that dissipation of the vortex energy is small
and that the competing mechanisms in the dynamics of the tip vortex
evolution in this case are diffusion and strain, respectively.

Analysis and Discussion

Modeling of Diffusion

When presented in an axis system moving with the vortex core,
the swirl velocity field induced by the trailing vortex resembles that
of a potential vortex at a large distance from the vortex center, a near
solid-bodylike rotation in the viscous core of the vortex, and zero
velocity at the center of the vortex (results in Fig. 6). Whereas a va-
riety of mathematical models have been suggested for the spindown
associated with the diffusion of tip vortices, one of the simplest is
the classic Lamb—Oseen model (see Ref. 21). However, the Lamb—
Oseen model is found to be unrealistically slow when compared
to measurements. This is because of the laminar flow assumptions
invoked in this model, that is, molecular diffusion only is allowed
throughout the vortex. In light of experimental evidence, however,
tip vortices are generally not entirely laminar, and so empirically
modified Lamb—Oseen growth models are found to give better rep-
resentations (see Ref. 11).

Bhagwat and Leishman'®!! have modified the Squire model” with
the inclusion of an average turbulent viscosity parameter § to ac-
count for turbulence mixing on the net rate of diffusion, effectively
increasing the viscous core growth rates to values that are more
consistent with experimental observations. Furthermore, at t =0,
the swirl velocity given by the Lamb—Oseen model is singular at
the origin of the tip vortex, and so unrealistically high velocities
are then obtained at young wake ages compared to measurements.
Therefore, an effective origin offset can be used to give the tip vortex
a finite core size and finite induced velocity at its origin. Bhagwat
and Leishman'®!! suggest that the viscous core radius 7. of the tip
vortices can be effectively modeled as a function of age ¢, using the
equation

re(€) = /Aadv[(C — C)/ QI = /1 +4advs/Q (4

where « is the Oseen constant and § is the average turbulent diffusion
parameter. The ordinate shift ¢, is responsible for the nonzero effec-
tive core radius ry at the tip vortex origin, where ¢ =0 deg, to give
a more physically correct (finite) induced velocity there compared
to the Lamb—Oseen result.

Results from this diffusion model are shown in Fig. 7. Notice that
the growth of the vortex core is relatively quick at young wake ages,
but grows less slowly at older wake ages, which is generally consis-
tent with experimental observations. The proper determination of &
and ry is clearly key to the success of this form of the model, and
the determination of these parameters is considered later.

Modeling of Strain Effects

To understand the interdependent consequences of strain effects
acting on a viscous vortex filament as it advects and diffuses inside
the rotor wake, consider a linear section of an axisymmetric vortex

Swirl velocity
N

Filament is strair&
or "stretched"

I+ Al

Swirl velocity

Fig. 9 Schematic showing the positive straining or stretching of a rec-
tilinear vortex filament.

filament of arbitrary length / and with the vorticity concentrated over
a cross-sectional area S (Fig. 9). In the absence of external viscous
effects, Helmholtz’s laws require conservation of circulation I of
the filament, which can be mathematically stated as

F:/w-dS:const (®)]
s

It has been shown in Fig. 8 that the measured circulation in the tip
vortex decays only very slowly with wake age. Suppose after a time
t 4+ At, the filament advects to a new position under the influence of
the local velocity field and it becomes strained, as shown in Fig. 9.
Conservation of volume (constant density assumption) implies that
the change in filament length is accompanied by a corresponding
change in the cross-sectional area over which the vorticity is dis-
tributed. Therefore, a change in the filament length is accompanied
by a proportional change in its vorticity; see also Saffman* and
Leonard.”® In cases where the strains are large, this can have a
pronounced effect on the induced velocity field in the immediate
vicinity of the vortex filament.

Itcan be assumed that the bulk of the vorticity is contained with the
vortex core, although this depends to some extent on the assumption
of a particular velocity profile. For a given self-similar vortex model,
the change in the filament core radius resulting from the imposed
strain is calculated using volume conservation, which gives

Aro=r[1-(VT+e) ] ©)

The result in Eq. (6) also satisfies momentum and energy conser-
vation implicitly. Note that the preceding argument is strictly valid
only in incompressible or constant density flowfields. In a fully com-
pressible flow, the stretching of the filament need not necessarily be
accompanied by an increase in vorticity because the density of the
fluid will also change with filament stretching. The formation of
rotor tip vortices clearly involve compressibility effects,* however,
it is reasonable to assume that to a first level of approximation that
any changes in flow density are small enough so that an increase
in vorticity can be considered to be the primary effect of filament
stretching. This is justified, at least, from the present experimental
results.

Correction for Strain Effects

In light of the foregoing, it is apparent in a practical sense the
mechanisms of viscous/turbulent diffusion and the effects of strain
fields can act to change both the size and growth rate of the viscous
core. In Fig. 10, the measured core growth results are plotted as a
function of wake age. In this case, the results are now corrected to
account for the effects of strain, assuming the validity of Eq. (6)
and using the measured values of strain as given in Fig. 5. Notice
that the correction makes a difference at older wake ages where the
strain rates are large and that the results now fall into much better
agreement with the overall trends resulting from diffusion alone, that
is, without the effects of strain. The results suggest that an average
value of § = 8 (in this case) gives good agreement with the measured
results.
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Fig. 10 Trends in the core growth when correcting the measurements
for the effects of filament strain.

Blade Tip Vortex Modeling

Combined Growth Model

The forgoing results suggest that a simple engineering tip vortex
model can be developed that accounts for the combined and inter-
dependent effects of viscous/turbulent diffusion and the effects of
flowfield strain. When Eqgs. (4) and (6) are used, the two equations
can be combined to give an equation for the core growth as

4adv
Q

¢
(1+e)~tds @)
%o

re(,e)=_[ri+

The strain rate ¢ can be determined based on a knowledge of the lo-
cal velocity field in which the vortex develops; this would normally
be calculated as part of the rotor wake model. The two empirical pa-
rameters in this model that are used to describe the viscous/turbulent
diffusion are the initial core radius r( (or virtual time ¢y) and the
average turbulent diffusion parameter §, which is known to depend
on vortex Reynolds number.

The significance of strain effects using Eq. (7) can first be il-
lustrated with reference to the development of a rectilinear vortex
filament. The effects were examined for a prescribed strain rate, as
defined by V, = de/dt. In the first instance, uniform strain rates were
applied such that V,(¢) = const, and in the second instance, linear
strain rates were applied such that V. (¢) = A + (dV,/d¢)¢ with the
assumption of A= —0.5. This latter form is representative of the
conditions found in hovering flight, where the wake initially con-
tracts below the rotor (filaments squeezed) and then becomes con-
stant or slowly starts to expand radially outward (filaments stretched)
as the wake gets older and is advected into the downstream region
(also Fig. 5). The results are compared to the baseline case where
diffusion alone (with § = 10) is allowed in a zero strain field.

Notice in Fig. 11 that the effects obtained differ depending on
whether the filament is stretched or squeezed with time. For nega-
tive strain rates, to conserve volume (conservation of mass, constant
density flow) the core radius is found to increase rapidly compared
to that obtained with positive strain. Furthermore, in this case the
effects of diffusion and strain on the viscous core development act in
a complementary manner. With positive strain rates, the core radius
becomes nominally constant for later values of time. In this case, af-
ter an initial development, the increase in core radius resulting from
diffusion can be balanced by the decrease in the core radius as aresult
of filament stretching. The results in Fig. 11 also illustrate an inter-
esting consequence of imposing varying strain rates along the length
of a vortex filament. In the baseline diffusion model (without strain
rate effects), the cores of the filament at later wake ages are signifi-
cantly larger than found with the applied strain rate. In other words,
the segments of the wake undergoing positive strain or stretching
may have a much smaller core radius, even though they have diffused
in the flow for a longer time. This means that the peak induced swirl
velocity surrounding those segments is larger and that the vorticity
is more concentrated than that found at the earlier wake ages.

To further show the validity of the model in Eq. (7), it has been
used to predict the core growth with the assumptions of § =8

o
o
N
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—-=-V =-01 -
B

o
o
- N
| h

0.08 v

Non-dimensional core radius, r /c

0 360 720 1080
Wake age, { (deg.)

Fig. 11 Representative growth of the viscous core radius of a rectilin-
ear vortex filament as a function of time (wake age) under the action of
idealized strain rates.
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Fig. 12 Predictions of core growth under the assumptions of diffusion
with 6 = 8 in a known strain field.

(Fig. 10) and using the measured (estimated) strain rates defined
by the results in Fig. 5. The results are shown in Fig. 12, where it
is apparent that the proposed engineering model faithfully predicts
the measured core growth. Such levels of correlation give consid-
erable confidence in the ability of this type of model to predict the
viscous core growth for a rotor tip vortex encountering an arbitrarily
imposed strain rate.

Model for 6

As already mentioned, the determination of the turbulent diffu-
sion parameter § is one key to the success of the proposed model. A
purely laminar flow, that is, where diffusion of vorticity takes place
on the molecular level alone, then § = 1. In such a case, with e =0
and rp =0, then Eq. (7) reduces to the classical Lamb—Oseen core
growth model. In most practical cases of lift-generated tip vortex
flows, however, experimental measurements suggest that turbulence
production increases the average rate of diffusion of vorticity so that
6 > 1, therefore, increasing the core growth rates. The details of this
core growth process, however, are not fully understood, and existing
experimental results are not entirely in agreement. There is evidence
that the inner core growth is laminar and there is no turbulent mix-
ing effects to enhance the diffusion of vorticity in this region.?%2%:26
There is also some evidence that turbulent flows surrounding the
vortex core could undergo a process of relaminarization. Other mea-
surements suggest that there is turbulence production at the edges
of the laminar core,”” which acts to increase the core growth.

Whereas complete understanding the details of tip vortex flows
still requires much further research, for engineering models the more
readily derived vortex properties such as the peak swirl velocity and
effective core size can be used to better understand the overall vortex
modeling requirements. Although the value of § can be estimated
from the present measurements, in the general case 6 will be a
function of vortex Reynolds number Re, (= I',/v). For the present
measurements, the vortex Reynolds number Re, is of the order of
10°. For a full-scale rotor, however, the values of vortex Reynolds
number Re, may be of the order of 107 or greater. Therefore, the
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difficulty in constructing a more general tip, vortex model that has
a wide range of applicability is to establish how § will vary with
vortex Reynolds number Re,.

Functional Representation for §

Squire’ hypothesized that & should be proportional to the vortex
circulation strength. The value of § was then formulated in terms of
the vortex Reynolds number as

8 =1+ aRe, ®)

where a; is a parameter that must be determined empirically from
tip vortex measurements.

Most existing vortex models assume that the velocity profiles
are self-similar, indicating that the vortex can be represented using
a single shape function by appropriately scaling length scales and
velocities.''"?® Even when the profiles may not be self-similar, it
is generally easier to measure the peak swirl velocity in the vortex
flow than derived quantities such as its core dimension. Following an
approach similar to Iversen® and Zeman,” Bhagwat and Leishman'®
have shown a correlation between the nondimensional peak swirl
velocity and the wake age ¢ or equivalent downstream distance d
of the vortex. This correlation takes the form

- - -1
Vo (d +do)2 =k ®

where the constants d, and k can be determined empirically. In the
case of a fixed wing, the non-dimensional velocity Vj, . is defined
as

Vinas = (Vinas / Voo) (Vao0/T) (10)

and the equivalent nondimensional downstream distance d is defined
as

d = (z/¢)(Ty/Veo0) (11

where z is the distance downstream of the wing. In the case of a
rotating wing, the nondimensional velocity is defined as

Vo = (Vous / QR)(QRc/T,) (12)

and the equivalent nondimensional downstream distance is ex-
pressed in terms of wake age as

d=1¢(T,/Qc) (13)

Examples of these Iversen-like correlation curves are shown for
fixed-wing tip vortex measurements in Fig. 13 and for rotating
wings in Fig. 14. Fixed-wing measurements have been taken from
Refs. 28-35. For the rotating wings, measurements have been taken
from Refs. 36-39. The measurements obtained in the present work
were obtained at relatively old wake ages compared to that shown in
other measurements and so can be used to further augment the cor-
relation curves. In both cases (Figs. 13 and 14), the measurements
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Fig. 13 Correlation of peak swirl velocity with equivalent downstream
distance for fixed-wing tip vortex measurements.
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show a definitive trend as given by Eq. (9). With the transforma-
tion that r = z/V,, (fixed wings) or t =¢ /2 (rotating wings), the
correlation given by Eq. (9) shows that

Vowax X A/ Tu/t (14)
The maximum swirl velocity as given by the Lamb—Oseen model is
Vo & Ty/27rc o T, [~/801 (15)
Therefore,
Vi 0 y/T0/13/(1/8)(Ty/v) (16)
When Egs. (14) and (16) are compared, it follows that
(1/8)(I'y/v) = Re, /5 = const 17

which means that the average apparent viscosity coefficient § is
proportional to the vortex Reynolds number, I', /v. Therefore, this
analysis supports the hypothesis that

§ =14 aRe, (18)

Determination of § and a;

Figure 15 shows an assemblage of tip vortex measurements (from
the sources cited earlier) as the estimated value of § from the mea-
sured core growth results, which is then plotted vs the correspond-
ing vortex Reynolds number. The measured data include results
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from fixed-wing as well as rotating-wing trailing vortices. Lines
are shown for the predominantly laminar trend, that is, the Lamb—
Oseen model, along with the trends obtained on the basis of Squire’s
hypothesis.

For low Reynolds numbers, the measurements show small and
nominally constant values of 8, suggesting that the core is mostly
laminar for these low Reynolds numbers. However, it is apparent
that § increases with increasing Reynolds number, with an almost
linearly increasing trend at higher Reynolds numbers. Notice that
any experimental values of § < 1 are physically impossible, and the
various challenges and uncertainties in experimental measurements
in making such measurements may account for such inconsistencies.
The overall experimental evidence, however, strongly suggests the
validity of Squire’s hypothesis that enhanced turbulent diffusion of
the vorticity from within the vortex core is directly proportional to
the vortex Reynolds number.

Figure 16 shows the same experimental data in the form of
Squire’s parameter, a;. The experimental data suggest that @, falls
into the range O (1073)-O (10~*). However, it appears that the
rotating-wing results show a slightly higher effective diffusion
rate corresponding to an average value of a; = Q(107*), whereas
the fixed-wing results show a lower value of a; = O(1075). Note,
however, that compared to fixed-wing vortex measurements most
rotating-wing results will have the implicit effects of vortex strain-
ing resulting from filament curvature and other wake distortion ef-
fects included implicitly in the measurements, which may account
for part of these differences. Unfortunately, it seems impossible to
isolate and correct for these effects. Furthermore, isolating and cor-
recting for the effects of wandering and aperiodicity (Appendix) in
some of these measurements must be accomplished. This may be
difficult or impossible in most experiments because the necessary
statistics have simply not been measured. Clearly, however, the av-
erage value of a; is of the order of 1073~107 for all of the data
shown here.

Combined Core Growth Model
Therefore, on the basis of the foregoing results and discussion,
the equation

da8(Re)v [°

) [1+e@l~tde (19

re(¢.e) =g+
%o

with §(Re,) =1+ a,Re, and £(¢) being equal to the local strain rate
provides one type of engineering model for the growth of the vis-
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cous core of a trailing tip vortex under the action of both diffusion
and stretching. For full-scale helicopter rotors, which will have tip
vortices with much larger values of vortex Reynolds number Re,,
the correlation curve in Fig. 16 would suggest values of § ~ 1000.
This suggests that a helicopter rotor tip vortex may exhibit tur-
bulent diffusive characteristics that are orders of magnitude larger
than compared to those expected on the basis of laminar diffusion
alone.

Finally, some estimate for the initial core radius ry is in order.
The initial core radius of trailing vortices has been measured to be
typically of the order if 5-10% of chord, that is, of the order of
the airfoil thickness at the blade tip where the vortex originated.
The effective origin offset, zo or £y, can then be established from
the initial core radius ry by using Eq. (4) or Eq. (7). It would seem
that, from the data shown here, ¢, is on average between 20 and
25 deg.

Conclusions

An idealized experiment was performed to examine and quantify
the interdependence of straining and diffusion on the tip vortices
in a rotor wake flow. The properties of the blade tip vortices were
measured in the wake of a small-scale hovering rotor and compared
to the results for the case when the tip vortex was strained in a known
velocity gradient. The results have been used in conjunction with
other vortex measurements, to construct a more general engineering
model for the vortex core growth that accounts for both the effects of
diffusion and straining. The following conclusions have been drawn
from the study.

1) The use of a ground plane was found to be successful in im-
posing a significant strain field on the developing rotor wake. This
boundary created velocity gradients and forced the blade tip vortices
to stretch, thus, allowing the effects of this stetching on the tip vortex
development to be measured. From the measured displacements, the
strain field was then estimated.

2) It was shown that vortex stretching slows the normal diffusive
growth of the vortex core. When the strain rates become large, the
effects can balance or counter the growth in the vortex core resulting
from diffusion alone. A simple engineering model for the effects
of diffusion and stretching was used to correct the measurements,
which brought the results into remarkable agreement with what
would be expected on the basis of diffusion alone.

3) As a byproduct of the process of stretching the tip vortex fila-
ments, their properties could be measured to much older wake ages
than would otherwise have been possible. Corrected results for zero
strain field were used to compare with various other tip vortex mea-
surements and to augment earlier correlations where measurements
could not be made to such old wake ages, that is, for more than about
1 % rotor revolutions.

4) The new results obtained here were used to help validate a
more general core growth model that is suitable use in a variety of
helicopter rotor aeroacoustic applications. The model combines the
effects of turbulent diffusion and strain on the vortex core growth.
The empirical coefficients of the model have been derived based on
a compendium of available measurements documenting the viscous
core growth of trailing vortices.

Appendix: Aperiodicity Correction

Aperiodicity is the inherent random movement of the phase-
resolved spatial locations of the vortex cores inside the rotor wake.
Measurements of aperiodicity were made using laser light-sheet il-
lumination of the seeded flow. A laser pulse duration on the order
of nanoseconds was achieved using an Nd: YAG laser. The laser was
synchronized to the rotor so that the aperiodicity of the core posi-
tion could be measured at a fixed wake age. A CCD camera with a
microlens acquired the images, which were digitized and the vor-
tex positions quantified with respect to a calibration grid. Various
methods have been proposed for correcting measurements for ape-
riodicity or wandering.*°~** The method of Leishman*? is used here
and accounts for an arbitrary velocity distribution and anisotropic
variations in aperiodicity.
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Consider the two-dimensional aperiodic motion of a tip vortex at
a given wake age ¢. Define the LDV measurement location, which
is fixed with respect to the rotor axes system, as (7, z,). The current
location of the vortex core axis relative to a rotor-based axis system
is assumed to be (r,, z,). The velocity field measured at (r,, z,,) at
a wake age ¢ will be functions of  and z and the position of the
measurement point relative to an axis at the center of the vortex, that
is,

V(V,Z,C):V(VP_VU,ZP_ZU,C) (A])

Over a sufficiently large number of rotor revolutions, the aperiodic-
ity of the vortex location relative to the measurement point can be
described by using a probability density function (PDF), for exam-
ple, p = p(ry, zy, ¢). Following Devenportet al.,*! it may be initially
assumed that the aperiodicity is normal (Gaussian) so that a joint
normal PDF can be defined as

1
p(r b ZJ’ ;) =
P 2n0,0,4/1 — e*
—1 r2 72 2er,Z,
Y e T R A2
X expl:z(l 2 (03 + P P (A2)

where 0, =0, (¢) and 0, = 0, (¢) are the measured rms. aperiodicity
amplitudes in the radial and axial directions at each wake age, re-
spectively, and e = e(¢) is the correlation coefficient. When Eq. (21)
is used, the actual or measured velocity V (r,,, z,,, £) can then be de-
termined by convolution, where

V(rp: ps C)

= / / V(rp_rvyzp_Zvvg)p(rv,Zv)drvdZv (A3)

The discrete equivalent of Eq. (22) is
‘7 (r P Z P C )

= sz(rp_ruvzp_zm ;)p(rvizv)ArvAZU (A4)

This latter equation is solved by reexpressing V in a Cartesian coor-
dinate system, and the summations are taken over length scales that
are at least one order of magnitude larger than o. An advantage of
the numerical solution using Eq. (A4) is that very general velocity
profiles such as the nonaxisymmetric tangential profiles generally
found in rotor wakes can be solved to establish actual quantitative
effects of aperiodicity on the results.

Starting from an initial (assumed) tangential velocity profile with-
out any aperiodicity, a profile with the effects of aperiodicity can
be obtained numerically by using Eq. (A4). Then a correction can
be applied and a new guess made at the true tangential velocity.
The process can be repeated using Eq. (A4) until convergence is
obtained, which is typically within a few iterations, yielding an
estimate of the true velocity field based on the measured velocity
field.
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